
定積分
∫β
α

(x−α)m(x−β)n dxとベータ関数 B(p, q)

参拾萬数学工房

はじめに
本稿は，次の 3つの節に分かれている。それぞれの節は内容的には独立しているものの，
前の節で触れたことに言及する場面もあるので，前から順に読む必要がある。� �

§ 1 定積分
∫β
α

(x−α)m(x−β)n dxの計算方法
§ 2 ベータ関数 B(p, q)

§ 3 y = (x−α)m(x−β)n のグラフと x軸とで囲まれた面積� �
§ 1は，大学受験で必要となる計算という観点で論を進める。大学受験で特に頻繁に顔を
出す計算に関しては 頻出 というマークを付した。

§ 2は，定積分
∫β
α

(x−α)m(x−β)n dxとベータ関数 B(p, q)との関係を論じる。ベータ関
数 B(p, q)との比較をするのであれば，定積分は∫β

α

(x−α)m(x−β)n dx

の形ではなく ∫β
α

(x−α)m(β−x)n dx

の形で考える方が適していることは，百も承知である。しかし，大学受験で必要となる計算
という意味では前者の形の方が使い勝手が良いので，本稿ではその観点を優先し，前者を採
用した。

§ 3は，いわばオマケのようなものであるが，§ 1と § 2を読んだあとであれば，新しい気
付きがあるだろうということで追記した。また，§ 1と同様に，大学受験で特に頻繁に顔を
出す計算に関しては 頻出 というマークを付した。
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§ 1 ఆੵ෼
∫β

α
(x−α)m(x−β)n dx ͷํࢉܭ๏

ఆੵ෼

∫β

α
(x−α)m(x−β)n dxʢͨͩ͠m,n ∈Nʣͷެࣜ͸ɼେֶडߟࢀ༺ݧॻͳͲͰ͸

∫β

α
(x−α)m(x−β)n dx = (−1)n · m!n!

(m+n+1)!
· (β−α)m+n+1 (1)

ͱ঺հ͞ΕΔͷ͕ҰൠతͰ͋Δɻ͔͠͠ɼຊߘͰ͸ͯ͑׶

∫β

α
(x−α)m(x−β)n dx =

(−1)n

m+nCn
·
∫β

α
(x−α)m+n dx (2)

ͱ͍͏ܗΛఏҊ͍ͨ͠ɻӈลʹఆੵ෼

∫β

α
(x−α)m+n dx ɼ͜ͷఆੵ͕ͩܗͷ··ͨͬ࢒͕

෼͸

∫β

α
(x−α)m+n dx =

1

m+n+1
·
[
(x−α)m+n+1

]β

α

=
1

m+n+1
· (β−α)m+n+1

ͱॠࢉܭʹ࣌Ͱ͖Δͷ͔ͩΒɼ͜ͷެࣜͷূ໌ ஫٭) 1) ͷ֮͑΍͢͞ʢ͢ͳΘͪɼಋग़ํ๏

ͷ͍ࢥग़͠΍͢͞ʣΛྀ͢ߟΕ͹͜ͷܗͰ͓֮͑ͯ͘ํ͕ͣͬͱ༗ӹͰ͋Ζ͏ͱɼࢲ͸ͦ͏

Δɻ͍ͯͬࢥ

·ͨɼެࣜΛؙ҉ͣͤهͱ΋ɼஔੵ׵෼Λ۪௚ʹ܁Γฦ͢͜ͱʹΑͬͯ۩ମతͳఆੵ෼ͷ

஋͸ࢉग़Ͱ͖ΔɻͳͷͰຊߘͰ͸ɼ্هͷެࣜΛٻΊΔந৅తͳٞ࿦Λ͢Δલʹɼ·ͣ͸۩

ମྫʹͯɼࢉܭͷաఔΛ֬ೝ͢Δɻ

஫٭) 1) ূ໌͸ § 1.2Ͱ͏ߦɻ
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§ 1.1 ۩ମྫ
∫β

α

(x−α)7(x−β)3 dx

·ͣ͸Ұͭͷྫͱͯ͠ɼެࣜΛ҉͍ͯ͠هͳ͍લఏͰɼm = 7ɼn = 3 ͷ৔߹ͷఆੵ෼∫β

α
(x−α)7(x−β)3 dxΛ࣮ͯ͠ࢉܭʹࡍΈΑ͏ɻ۩ମతʹ͸ɼஔੵ׵෼Λ 3ճ܁Γฦ͢ɻ

∫β

α
(x−α)7(x−β)3 dx

=
1
8

[
(x−α)8(x−β)3

]β

α
−

3
8
·
∫β

α
(x−α)8(x−β)2 dx

=
1
8

[
(x−α)8(x−β)3

]β

α
−

(
3

9 · 8
[
(x−α)9(x−β)2

]β

α
−

3 · 2
9 · 8 ·

∫β

α
(x−α)9(x−β)dx

)

=
1
8

[
(x−α)8(x−β)3

]β

α
−

(
3

9 · 8
[
(x−α)9(x−β)2

]β

α
−

(
3 · 2

10 · 9 · 8
[
(x−α)10(x−β)

]β

α

−
3 · 2 · 1
10 · 9 · 8 ·

∫β

α
(x−α)10 dx

))
ʜ ©ˑ

͜͜Ͱɼ

[
(x−α)8(x−β)3

]β

α
= 0ɼ

[
(x−α)9(x−β)2

]β

α
= 0ɼ

[
(x−α)10(x−β)

]β

α
= 0

Ͱ͋Δ͔Βɼ©ˑΑΓ

∫β

α
(x−α)7(x−β)3 dx = (−1)3 · 3 · 2 · 1

10 · 9 · 8 ·
∫β

α
(x−α)10 dx (3)

ͱ͍͏౳͕ࣜಘΒΕΔɻ͞Βʹɼ෼਺
3 · 2 · 1
10 · 9 · 8 ͸૊߹ͤ 10C3 =

10 · 9 · 8
3 · 2 · 1 ͷٯ਺Ͱ͋Δ͔

Βɼୈ (3)ࣜ͸࣍ͷΑ͏ʹॻ͖͑׵Δ͜ͱ͕Ͱ͖Δɻ

∫β

α
(x−α)7(x−β)3 dx =

(−1)3

10C3
·
∫β

α
(x−α)10 dx (4)

ͳ͓ɼୈ (3)ࣜͷӈลͷ܎਺ (−1)3 · 3 · 2 · 1
10 · 9 · 8 ʹؔͯ͠͸ɼ෦෼ੵ෼ͷܦҢ͔Β

• (−1)3 ͸ɼ෦෼ੵ෼Λ 3ճ܁Γฦͨ͜͠ͱʹΑͬͯݱΕͨ
• ෼ࢠͷ 3 · 2 · 1͸ɼ(x− β)3 Λ 3ճඍ෼ͨ͜͠ͱʹΑͬͯݱΕͨ
• ෼฼ͷ 10 · 9 · 8͸ɼ(x− α)7 Λ 3ճੵ෼ͨ͜͠ͱʹΑͬͯݱΕͨ

ͱ͍͏͜ͱ͕Θ͔Δɻ
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§ 1.2 ҰൠԽͨ͠ެࣜ

લઅ § 1.1Ͱಘͨ౳ࣜ (4)ΛҰൠԽ͢Ε͹ɼ࣍ͷΑ͏ʹͳΔ ஫٭) 2) ʀ

ҰൠԽͨ͠ެࣜ! "
೚ҙͷm,n ∈Nʹରͯ͠ɼ

∫β

α
(x−α)m(x−β)n dx =

(−1)n

m+nCn
·
∫β

α
(x−α)m+n dx

# $
ূ໌ ·ͣɼ෦෼ੵ෼ͷެࣜ

∫β

α
f ′(x)g(x)dx =

[
f(x)g(x)

]β

α
−

∫β

α
f(x)g ′(x)dx

ʹ͓͍ͯɼf ′(x) = (x−α)pɼg(x) = (x−β)qʢp,q ∈Nʣͱ͓͘ͱɼ
∫β

α
(x−α)p(x−β)q dx =

[
1

p+1
(x−α)p+1(x−β)q

]β

α

−

∫β

α

q

p+1
(x−α)p+1(x−β)q−1 dx

= −
q

p+1

∫β

α
(x−α)p+1(x−β)q−1 dx

Ͱ͋Δɻ͜ΕΛ nճ܁Γฦ͠ద༻͢Δͱɼ
∫β

α
(x−α)m(x−β)n dx

= −
n

m+1
·
∫β

α
(x−α)m+1(x−β)n−1 dx ˞෦෼ੵ෼ 1ճ໨

= +
n(n−1)

(m+2)(m+1)
·
∫β

α
(x−α)m+2(x−β)n−2 dx ˞෦෼ੵ෼ 2ճ໨

= −
n(n−1)(n−2)

(m+3)(m+2)(m+1)
·
∫β

α
(x−α)m+3(x−β)n−3 dx ˞෦෼ੵ෼ 3ճ໨

...

= (−1)n · n(n−1)(n−2) · · · 1
(m+n) · · · (m+3)(m+2)(m+1)

·
∫β

α
(x−α)m+n dx · · · ©˒

˞෦෼ੵ෼ nճ໨

͜͜Ͱɼ
n(n−1)(n−2) · · · 1

(m+n) · · · (m+3)(m+2)(m+1)
͸m+nCn =

(m+n) · · · (m+3)(m+2)(m+1)
n(n−1)(n−2) · · · 1

ͷٯ਺Ͱ͋Δ͔Βɼ©˒ΑΓ
∫β

α
(x−α)m(x−β)n dx =

(−1)n

m+nCn
·
∫β

α
(x−α)m+n dx ʢূ໌ऴʣ

஫٭) 2) ͜ͷެࣜ͸ɼαͱ βͷେখؔ܎ʹΑΒͳ͍ɻ·ͨɼmͱ nͷେখؔ܎ʹ΋ΑΒͳ͍ɻ
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§ 1.3 ۩ମྫͷྻه

લઅ § 1.2Ͱূ໌ͨ͠ެࣜΛɼ۩ମతʹ͍͔ͭ͘ྻ͢هΔɻͨͩ͠ɼ͜ͷެࣜ͸్ࢉܭத
ͷܗͰ͋Δ͔Βɼఆੵ෼Λޙ࠷·Ͱ݁ͨ͠ࢉܭՌ΋ฒ͓ͯ͘͠هɻ

ͳ͓ɼҎԼͷఆੵ෼ͷެࣜ͸ɼ͍ ͣΕ΋αͱ βͷେখؔ܎ʹΑΒͳ͍ɻʢ͢ͳΘͪɼα < β

Ͱ͋Δඞཁ͸ͳ͍ɻʣ

m + n = 2ͷͱ͖! "
[ެࣜ 2–1]

∫β

α
(x−α)(x−β)dx =

−1

2C1
·
∫β

α
(x−α)2 dx

[
= −

1
6
(β−α)3

]
සग़

# $
[ެࣜ 2–1]͸ɼେֶडۀݧքͰ͸͠͹͠͹ʮ6෼ͷ 1ެࣜʯͱݺ͹ΕΔɻ

m + n = 3ͷͱ͖! "
[ެࣜ 3–1]

∫β

α
(x−α)2(x−β)dx =

−1

3C1
·
∫β

α
(x−α)3 dx

[
= −

1
12

(β−α)4
]

සग़

[ެࣜ 3–2]
∫β

α
(x−α)(x−β)2 dx =

+1

3C2
·
∫β

α
(x−α)3 dx

[
= +

1
12

(β−α)4
]

සग़

# $
m + n = 4ͷͱ͖! "

[ެࣜ 4–1]
∫β

α
(x−α)3(x−β)dx =

−1

4C1
·
∫β

α
(x−α)4 dx

[
= −

1
20

(β−α)5
]

[ެࣜ 4–2]
∫β

α
(x−α)2(x−β)2 dx =

+1

4C2
·
∫β

α
(x−α)4 dx

[
= +

1
30

(β−α)5
]
සग़

[ެࣜ 4–3]
∫β

α
(x−α)(x−β)3 dx =

−1

4C3
·
∫β

α
(x−α)4 dx

[
= −

1
20

(β−α)5
]

# $
େֶೖࢼͷରࡦͱͯ͠͸͜͜·Ͱʢ͢ͳΘͪm+n = 4ͷͱ͖·ͰʣͰे෼͕ͩɼ͔ͤͬ

͘ͳͷͰɼm+ n = 5ͷͱ͖ͱm+ n = 6ͷͱ͖΋͓ͯ͛͘ڍɻ
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m + n = 5ͷͱ͖! "
[ެࣜ 5–1]

∫β

α
(x−α)4(x−β)dx =

−1

5C1
·
∫β

α
(x−α)5 dx

[
= −

1
30

(β−α)6
]

[ެࣜ 5–2]
∫β

α
(x−α)3(x−β)2 dx =

+1

5C2
·
∫β

α
(x−α)5 dx

[
= +

1
60

(β−α)6
]

[ެࣜ 5–3]
∫β

α
(x−α)2(x−β)3 dx =

−1

5C3
·
∫β

α
(x−α)5 dx

[
= −

1
60

(β−α)6
]

[ެࣜ 5–4]
∫β

α
(x−α)(x−β)4 dx =

+1

5C4
·
∫β

α
(x−α)5 dx

[
= +

1
30

(β−α)6
]

# $
m + n = 6ͷͱ͖! "

[ެࣜ 6–1]
∫β

α
(x−α)5(x−β)dx =

−1

6C1
·
∫β

α
(x−α)6 dx

[
= −

1
42

(β−α)7
]

[ެࣜ 6–2]
∫β

α
(x−α)4(x−β)2 dx =

+1

6C2
·
∫β

α
(x−α)6 dx

[
= +

1
105

(β−α)7
]

[ެࣜ 6–3]
∫β

α
(x−α)3(x−β)3 dx =

−1

6C3
·
∫β

α
(x−α)6 dx

[
= −

1
140

(β−α)7
]

[ެࣜ 6–4]
∫β

α
(x−α)2(x−β)4 dx =

+1

6C4
·
∫β

α
(x−α)6 dx

[
= +

1
105

(β−α)7
]

[ެࣜ 6–5]
∫β

α
(x−α)(x−β)5 dx =

−1

6C5
·
∫β

α
(x−α)6 dx

[
= −

1
42

(β−α)7
]

# $
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§ 1.4 n = 1ͷ৔߹

ҰൠԽͨ͠ެࣜͷɼn = 1ͷ৔߹! "
೚ҙͷm ∈Nʹରͯ͠ɼ

∫β

α
(x−α)m(x−β)dx =

−1

(m+1)(m+2)
· (β−α)m+2

# $
͜ͷެࣜ͸ɼͨͩ୯ʹલઅ § 1.2ͷެࣜʹ n = 1Λ୅ೖ͚ͨͩ͠ͷ΋ͷʹա͗ͳ͍ͷͰɼ

∫β

α
(x−α)m(x−β)dx =

−1

m+1C1
·
∫β

α
(x−α)m+1 dx

=
−1

m+1
· 1

m+2

[
(x−α)m+2

]β

α

=
−1

(m+1)(m+2)
· (β−α)m+2

ͱٻΊΔ͜ͱ΋Ͱ͖Δɻ͔͠͠ɼx−β = (x−α) − (β−α) ͱ͍͏มܗ ஫٭) 3) Λ༻͍Δํ๏

΋Α͘஌ΒΕ͍ͯΔͷͰɼ͜͜Ͱ͸վΊͯɼͦͷํ๏Ͱ΋ূ໌͓ͯ͜͠͏ɻ

ূ໌ʢn = 1ͷ৔߹ʣ සग़

∫β

α
(x−α)m(x−β)dx =

∫β

α
(x−α)m {(x−α)− (β−α)} dt

=

∫β

α

{
(x−α)m+1 − (β−α)(x−α)m

}
dt

=

∫β

α
(x−α)m+1 dt− (β−α)

∫β

α
(x−α)m dt

=
1

m+2

[
(x−α)m+2

]β

α
− (β−α) · 1

m+1

[
(x−α)m+1

]β

α

=
1

m+2
· (β−α)m+2 − (β−α) · 1

m+1
· (β−α)m+1

=
( 1

m+2
−

1

m+1

)
· (β−α)m+2

=
(m+1)− (m+2)

(m+1)(m+2)
· (β−α)m+2

=
− 1

(m+1)(m+2)
· (β−α)m+2 ʢূ໌ऴʣ

஫٭) 3) ͜ͷมܗ͸ෆࣗવʹ͑ݟΔ͔΋͠Εͳ͍͕ɼ͔࣮͠͠ࡍʹ͸ʮ͜ͷఆੵ෼Λ x࣠ํ޲ʹ −α͚ͩฏߦҠಈ͠
Δʯͱ͍͏͚ͩͷ͜ͱʹա͗ͳ͍ɻ͑ߟͯ
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§ 2 ϕʔλؔ਺ B(p, q)

ϕʔλؔ਺ B(p, q)ͷఆٛ͸ɼ࣍ͷ௨ΓͰ͋Δɻ

ϕʔλؔ਺ B(p, q)ͷఆٛ! "
࣮෦͕ਖ਼Ͱ͋Δෳૉ਺ p,qʹରͯ͠ɼ

B(p, q) :=

∫1

0
xp−1(1−x)q−1 dx

# $
§ 2.1 ϕʔλؔ਺ͷ஋ͷҙຯ

ఆͨ͠৔߹ɼϕʔλؔ਺ݶʹͰ΋ͳ͍͕ɼp,qΛ࣮਺·͏ݴ B(p, q)ͷ஋͸ɼඃੵ෼ؔ਺

y = xp−1(1−x)q−1

ͷάϥϑͱ x࣠ͱͰғ·Εͨਤܗͷ໘ੵΛද͍ͯ͠Δɻ

ͱ͜ΖͰɼp͕ඇ੔਺ͷͱ͖ɼ࣮ ؔ਺ͱͯ͠ xp−1͕ఆٛͰ͖Δͷ͸ x ! ·ΒΕΔɻݶʹ0

ͨɼq͕ඇ੔਺ͷͱ͖ɼ࣮ؔ਺ͱͯ͠ (1−x)q−1 ͕ఆٛͰ͖Δͷ͸ x " ΒΕΔɻΑͬݶʹ1

ͯɼp,q͕ڞʹඇ੔਺ͷͱ͖ɼඃੵ෼ؔ਺ y = xp−1(1−x)q−1 ͷ࣮ؔ਺ͱͯ͠ͷఆٛҬ͸

0 " x " 1

Ͱ͋ΔɻҰ͚ͭͩྫΛ͛ڍΔͱɼ࣍ͷਤ 1͸ɼp = 4.5ɼq = 2.5ͷ৔߹ͷɼ

y = x3.5(1−x)1.5

ͷάϥϑͱ x࣠ͱͰғ·ΕͨਤܗͰ͋Δɻ

ਤ 1 p,q͕ඇ੔਺ͷ৔߹ͷྫ
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΋ͪΖΜɼຊߘͷओ୊Ͱ͋Δఆੵ෼ͱϕʔλؔ਺ B(p, q)ͱͷൺֱʹ͓͍ͯ͸ɼp,q͕ 1Ҏ

্ͷ੔਺Ͱ͋Δ৔߹ͷΈΛ͑ߟΕ͹े෼Ͱ͋Δɻͦͷ৔߹ɼඃੵ෼ؔ਺ y = xp−1(1−x)q−1

ͷ࣮ؔ਺ͱͯ͠ͷఆٛҬ͸࣮਺શମͰ͋Δɻ

ඃੵ෼ؔ਺ y = xp−1(1−x)q−1 ͷάϥϑͷ x < 0 ͓Αͼ x > 1 ʹ͓͚Δڍಈ͸ɼp,qͷ
ΑͬͯมΘΔɻʢˠਤʹحۮ 2ʙਤ 5ʣ

ਤ 2 p,q͕حʹڞ਺ͷ৔߹ͷྫ ਤ 3 p͕ح਺ɼq͕ۮ਺ͷ৔߹ͷྫ

ਤ 4 p͕ۮ਺ɼq͕ح਺ͷ৔߹ͷྫ ਤ 5 p,q͕ۮʹڞ਺ͷ৔߹ͷྫ

΋ͬͱ΋ɼB(p, q) ͷͯ͠ࡍʹ࡯ߟ͸ 0 " x " 1 ʹͷΈ஫໨͢Ε͹े෼ͳͷͰɼҎԼͰ͸

p,qͷ͠ٴݴ͍͍ͪͪͯؔ͠ʹحۮͳ͍͜ͱͱ͢Δɻ

ˎɹˎɹˎ

͜͜Ͱɼϕʔλؔ਺ B(p, q) :=

∫1

0
xp−1(1−x)q−1 dxͷ p,q͕ 1Ҏ্ͷ੔਺ͷ৔߹ʹɼ§

1ʹͯಋೖͨ͠ެࣜ (2)

∫β

α
(x−α)m(x−β)n dx =

(−1)n

m+nCn
·
∫β

α
(x−α)m+n dx

Λద༻͢ΔͱͲ͏ͳΔ͔͍ͯ͘ݟɻ
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·ͣɼ(1−x)q−1 = (−(x−1))q−1 = (−1)q−1 · (x−1)q−1 Ͱ͋Δɻ

·ͨɼެࣜ (2)ʹ α = 0ɼβ = 1ɼm = p−1ɼn = q−1Λ୅ೖ͢Δͱ

∫1

0
xp−1(x−1)q−1 dx =

(−1)q−1

p+q−2Cq−1
·
∫1

0
xp+q−2 dx

Ͱ͋Δɻ

Ҏ্ΑΓɼ

B(p, q) =

∫1

0
xp−1(1−x)q−1 dx

= (−1)q−1 ·
∫1

0
xp−1(x−1)q−1 dx

= (−1)q−1 · (−1)q−1

p+q−2Cq−1
·
∫1

0
xp+q−2 dx

=
1

p+q−2Cq−1
·
∫1

0
xp+q−2 dx

ͱ͍͏݁Ռ͕ಘΒΕΔ ஫٭) 4) ɻ

ͯ͞ɼ͜ͷ݁ՌͷҙຯΛ۷ΓԼ͛Δɻ۩ମྫͷํ͕Θ͔Γ΍͍͢ͷͰɼp = 5ɼq = 4 ͷ

৔߹Ͱ͢࡯ߟΔɻ

B(5, 4) =

∫1

0
x4(1−x)3 dx =

1

7C3
·
∫1

0
x7 dx

ӈลͷੵ෼

∫1

0
x7 dx͸ɼؔ਺ y = x7 ͷάϥϑͱɼ2௚ઢ y = 0ɼx = 1ͱͰғ·Εͨ෦

෼ͷ໘ੵΛද͢ɻͭ·Γɼʮؔ਺ y = x4(1−x)3 ͱ x ࣠Ͱғ·Εͨ෦෼ͷ໘ੵʯ͸ɼʮؔ਺

y = x7 ͷάϥϑͱ 2௚ઢ y = 0ɼx = 1ͱͰғ·Εͨ෦෼ͷ໘ੵʯͷ
1

7C3
ഒͩͱ͍͏͜ͱ

Ͱ͋Δ ஫٭) 5) ɻʢˠਤ 6ʣ

͸ ͷ
1

7C3
ഒ

ਤ 6 p = 5ɼq = 4ͷ৔߹

஫٭) 4) ͞Βʹ

∫1

0
xp+q−2 dx =

1

p+q−1
·Ͱ͢ࢉܭΕ͹ B(p, q) =

(p−1)! · (q−1)!
(p+q−1)!

ͱͳΓɼ͜Ε͕͘޿஌ΒΕ

͍ͯΔ݁ՌͰ͋Δɻ

஫٭) 5) ͞Βʹ͢ࢉܭΕ͹ɼB(5, 4) =
1

7C3
·
∫1

0
x7 dx =

1

35
· 1
8

=
1

280
ͱͳΔɻ
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§ 2.2 ఆੵ෼
∫β

α

(x−α)m(x−β)n dx ͱϕʔλؔ਺ B(p, q) ͱͷؔ܎

ຊઅ § 2.2ʹ͓͍ͯ͸ɼศ্ٓɼఆੵ෼
∫β

α
(x−α)m(x−β)n dxΛ Iα,β(m,n)ͱ͓͘ɻ͢

ͳΘͪ

Iα,β(m,n) :=

∫β

α
(x−α)m(x−β)n dx

Ͱ͋Δɻ͜ͷه๏͸ɼ͋͘·Ͱ΋ຊߘͷຊઅͰͷΈউखʹ૑ग़ͨ͠΋ͷͰ͋Δ͜ͱʹཹҙ͞

Ε͍ͨɻ

ͯ͞ɼఆੵ෼ Iα,β(m,n)ͱϕʔλؔ਺ B(p, q)ͷؔ܎ͱ͑ݴ͹ɼ! "
[A] B(p, q)Λ Iα,β(m,n)Ͱද͢

[B] Iα,β(m,n)Λ B(p, q)Ͱද͢# $
ͱ͍͏ 2ͭͷํ͕͋޲ΔͷͰɼҎԼͰ͸͜ΕΒΛผʑʹ͍ͯ͘͠࡯ߟɻ

[A] B(p, q) Λ Iα,β(m,n) Ͱද͢

͜Ε͸؆୯Ͱɼϕʔλؔ਺ B(p, q)ͷఆ͔ٛΒଈ࠲ʹ

B(p, q) = (−1)q−1 · I0,1(p−1, q−1) (5)

ͱΘ͔Δɻ

[B] Iα,β(m,n) Λ B(p, q) Ͱද͢

·ͣɼ(5)ࣜʹ p = m+1ɼq = n+1Λ୅ೖ͢Δͱɼ

B(m+1, n+1) = (−1)n · I0,1(m,n) (6)

ͱΘ͔Δɻ

͜͜Ͱɼ΋͠Ծʹɼ༧Ί Iα,β(m,n)ͷ஋Λ

Iα,β(m,n) = (−1)n · m!n!

(m+n+1)!
· (β−α)m+n+1 (7)

ͱٻΊ͍ͯΔͷͰ͋Ε͹ɼ͜Εʹ α = 0ɼβ = 1Λ୅ೖ͢Δ͜ͱʹΑͬͯ

B(m+1, n+1) = (−1)n · I0,1(m,n)

= (−1)n ·
{
(−1)n · m!n!

(m+n+1)!
· (1−0)m+n+1

}

=
m!n!

(m+n+1)!
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ͱ͢ࢉܭΔ͜ͱ͕Ͱ͖ɼ͜ͷ݁ՌΛվΊͯ (7)ࣜʹ୅ೖ͢Δ͜ͱʹΑͬͯ

Iα,β(m,n) = = (−1)n · B(m+1, n+1) · (β−α)m+n+1 (8)

ͱ͍͏͕ؔࣜ܎ಋ͔ΕΔɻ͜ͷ (8)ࣜͦ͜ɼ·͞ʹ͍·ٻΊΑ͏ͱ͍ͯ͠Δؔࣜ܎Ͱ͋Δɻ
͔͠͠ɼຊߘʹ͓͍ͯ͸ Iα,β(m,n)ͷ஋Λ༧Ί (7)ࣜͷΑ͏ʹ͸ٻΊ͍ͯͳ͍ͷ͔ͩΒɼ
͜ͷಋग़ํ๏ʹ͸ҧ࿨͕͋ײΔɻ

ͦ͜Ͱɼࠓ౓͸ɼຊߘͰ࠾༻͍ͯ͠Δ

Iα,β(m,n) =
(−1)n

m+nCn
·
∫β

α
(x−α)m+n dx (9)

Λ༻͍ͯ (8)ࣜΛಋ͘͜ͱΛͯ͑ߟΈΑ͏ɻ

ˎɹˎɹˎ

·ͣɼ(9)ࣜʹ α = 0ɼβ = 1Λ୅ೖ͢Δͱ

I0,1(m,n) =
(−1)n

m+nCn
·
∫1

0
xm+n dx

Ͱ͋Δɻ͜ΕΛ (6)ࣜʹ୅ೖ͢Δͱ

B(m+1, n+1) =
1

m+nCn
·
∫1

0
xm+n dx (10)

ͱͳΔ͜ͱ͕Θ͔Δɻ

͜͜Ͱɼ(9)ࣜͷӈลʹݱΕΔఆੵ෼ͱ (10)ࣜͷӈลʹݱΕΔఆੵ෼ɼ͢ͳΘͪ

∫β

α
(x−α)m+n dxɹͱɹ

∫1

0
xm+n dx

ͷ஋Λൺֱ͢Δͱɼ͢ࢉܭΔ·Ͱ΋ͳ͘લऀ͸ऀޙͷ (β−α)m+n+1 ഒͰ͋Δ͜ͱ͕Θ͔

Δ ஫٭) 6) ʢˠਤ 7ʣɻ͢ͳΘͪ
∫β

α
(x−α)m+n dx = (β−α)m+n+1 ·

∫1

0
xm+n dx (11)

Ͱ͋Δɻ

஫٭) 6) ͜ΕΛʮ͢ࢉܭΔ·Ͱ΋ͳ͘ʯͱ͑ݴΔ͔Ͳ͏͔͸ఆੵ෼ʹؔ͢Δཧղͷਂ͞ʹ͘ڧґଘ͢Δ͕ɼ͜͜Ͱ͸
೚ҙͷࣗવ਺ Nʹରͯ͠

•
∫β

α
(x−α)N dx͸ʮԣ (β−α)ɼॎ (β−α)N ͷ௕ํܗͷ໘ੵ (β−α)N+1 ͷ

1
N+1

ഒʯ

•
∫1

0
xN dx͸ʮԣ 1ɼॎ 1ͷਖ਼ํܗͷ໘ੵ 1ͷ

1
N+1

ഒʯ

Ͱ͋Δ͜ͱΛط஌ͱͯ͠࿦ͨ͡ɻલऀ͸ऀޙͷ (β−α)N+1 ഒͰ͋Γɼࠓճ͸͜Εͷ N = m+nͷ৔߹ʹա
͗ͳ͍ɻਤ 7Λࢀরɻ
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͸ ͷ (β−α)m+n+1 ഒ

ਤ 7
∫β

α

(x−α)m+n dxͱ

∫1

0

xm+n dx

Ҏ্ɼ(9)ࣜɼ(10)ࣜɼ(11)ࣜΛ૊Έ߹ΘͤΔ͜ͱʹΑͬͯɼ(8)͕ࣜಋग़͞ΕΔɻ͔͠͠ɼ
͜ΕΛͨͩ਺ࣜม͚ͩܗͰࡁ·ͤͯ͠·͏ͷ͸͋·Γʹຯؾͳ͍͠ɼͦͷΑ͏ͳํ๏Ͱ͸ͦ

΋ͦ΋ཧղ͕ਂ·Βͳ͍ɻͳͷͰɼϖʔδ͕ਹΜͰ͠·͏͜ͱΛԀΘͣɼஸೡʹ֬ೝ͍ͨ͠ɻ

͜ͷ͋ͱͷٞ࿦ΛಡΈ΍͘͢ɼ͑ߟ΍͘͢͢ΔͨΊʹɼ4ͭͷఆੵ෼Λɼ࣍ͷΑ͏ʹ ©͋ɼ
©͍ɼ©͏ɼ©͑ͱఆΊΔɻ

• Iα,β(m,n)Λɼ͢ͳΘͪ

∫β

α
(x−α)m(x−β)n dxΛɼ©͋ͱ͢Δɻ

•
∫β

α
(x−α)m+n dxΛɼ©͍ͱ͢Δɻ

• B(m+1, n+1)Λɼ͢ͳΘͪ

∫1

0
xm(1−x)n dxΛɼ©͏ͱ͢Δɻ

•
∫1

0
xm+n dxΛɼ©͑ͱ͢Δɻ

͜ͷͱ͖ɼ(9)ࣜɼ(10)ࣜɼ(11)ࣜ͸ɼͦΕͧΕ࣍ͷ͜ͱΛද͍ͯ͠Δɻ

• (9)ࣜΑΓɼ©͋͸ ©͍ͷ (−1)n

m+nCn
ഒͰ͋Δɻ

• (10)ࣜΑΓɼ©͏͸ ©͑ͷ 1

m+nCn
ഒͰ͋Δɻ

• (11)ࣜΑΓɼ©͍͸ ©͑ͷ (β−α)m+n+1 ഒͰ͋Δɻ

͜ΕΛਤࣔ͢Ε͹ɼ࣍ͷϖʔδͷΑ͏ʹͳΔɻ
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©͋ ©͍

©͏ ©͑

ਤ 8 ©͋ɼ©͍ɼ©͏ɼ©͑ͷؔ܎

͜ͷਤΛݟΕ͹ɼʮ©͕͋ ©͏ͷ (−1)n ·(β−α)m+n+1ഒͰ͋Δ͜ͱʯɼ͢ ͳΘ ʮͪIα,β(m,n)

͕ B(m+1, n+1)ͷ (−1)n · (β−α)m+n+1 ഒͰ͋Δ͜ͱʯ͸ɼҰ໨ྎવͰ͋Δɻͦͯ͠ɼ͜

Ε͕ͦ͜ɼ(8)ࣜ

Iα,β(m,n) = (−1)n · B(m+1, n+1) · (β−α)m+n+1

͕ҙຯ͢Δ΋ͷͰ͋Δɻ
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ˎɹˎɹˎ

ຊઅΛ·ͱΊΔͱɼ࣍ͷΑ͏ʹͳΔɻ(٭஫ 7) ɻ! "
[A] B(p, q)Λ Iα,β(m,n)Ͱද͢ͱɼ

B(p, q) = (−1)q−1 · I0,1(p−1, q−1)

[B] Iα,β(m,n)Λ B(p, q)Ͱද͢ͱɼ

Iα,β(m,n) = (−1)n · B(m+1, n+1) · (β−α)m+n+1# $
ɼ[A]ͱʹޙ࠷ [B]Λ૊Έ߹Θͤͯɼ! "

[C] Iα,β(m,n)Λ Iα,β(m,n)Ͱද͢# $
Λ͑ߟΑ͏ɻ

ઌ΄Ͳɼ[A]ͷࣜʹ p = m+1ɼq = n+1Λ୅ೖͯ͠

B(m+1, n+1) = (−1)n · I0,1(m,n)

ΛٻΊͨʢ(6)ࣜʣɻ͜ΕΛ [B]ͷࣜʹ୅ೖ͢Ε͹

Iα,β(m,n) = I0,1(m,n) · (β−α)m+n+1

ͱͳΔɻ

͜ΕΛ௨ৗͷදهʹ໭ͤ͹

∫β

α
(x−α)m(x−β)n dx = (β−α)m+n+1 ·

∫1

0
xm(x−1)n dx

ͱͳΔͷ͕ͩɼ͜ͷ౳ࣜ͸͋·Γ͘޿஌ΒΕ͍ͯͳ͍ͩͱ͍ͯ͡ײΔͷͰɼهʹͯ͑͜͜׶

͓ͯ͘͜͠ͱʹͨ͠ ஫٭) 8) ɻ

஫٭) 7) લऀ͸ (5)ࣜɼऀޙ͸ (8)ࣜɻ
஫٭) 8) ΋ͪΖΜ͜Ε͸ɼઌ΄Ͳʮ͢ࢉܭΔ·Ͱ΋ͳ͘ʯͱஅͨؔࣜ͡܎

∫β

α
(x−α)m+n dx = (β−α)m+n+1 ·

∫1

0
xm+n dx

ʢ(11)ࣜʣͱ·ͬͨ͘ಉ౳Ͱ͋Δɻ
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§ 3 y = (x−α)m(x−β)n ͷάϥϑͱ x࣠ͱͰғ·Εͨ໘ੵ

ҎԼɼα < βͱ͢Δɻ·ͨɼຊઅʹ͓͚Δʮූ߸෇͖໘ੵʯͱ͸ɼۂઢͱ x࣠Ͱғ·ΕΔ

ਤ͕ܗ x࣠ΑΓ্ଆʹ͋Δ৔߹ʹਖ਼ɼx࣠ΑΓԼଆʹ͋Δ৔߹ʹෛͱͨ͠໘ੵͰ͋Δɻ

ެࣜ 2–1ΑΓ සग़! "
• ์෺ઢ y = (x−α)(x−β)ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)(x−β)dx =

−1

2C1
·
∫β

α
(x−α)2 dx

͸ ͷ
− 1

2C1
ഒ

# $
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ެࣜ 3–1ΑΓ සग़! "
• ઢۂ y = (x−α)2(x−β)ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)2(x−β)dx =

−1

3C1
·
∫β

α
(x−α)3 dx

͸ ͷ
− 1

3C1
ഒ

# $
ެࣜ 3–2ΑΓ සग़! "
• ઢۂ y = (x−α)(x−β)2 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)(x−β)2 dx =

+1

3C2
·
∫β

α
(x−α)3 dx

͸ ͷ
+ 1

3C2
ഒ

# $
#17



ެࣜ 4–1ΑΓ! "
• ઢۂ y = (x−α)3(x−β)ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)3(x−β)dx =

−1

4C1
·
∫β

α
(x−α)4 dx

͸ ͷ
− 1

4C1
ഒ

# $
ެࣜ 4–2ΑΓ සग़! "
• ઢۂ y = (x−α)2(x−β)2 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)2(x−β)2 dx =

+1

4C2
·
∫β

α
(x−α)4 dx

͸ ͷ
+ 1

4C2
ഒ

# $
#18



ެࣜ 4–3ΑΓ! "
• ઢۂ y = (x−α)(x−β)3 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)(x−β)3 dx =

−1

4C3
·
∫β

α
(x−α)4 dx

͸ ͷ
− 1

4C3
ഒ

# $
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ެࣜ 5–1ΑΓ! "
• ઢۂ y = (x−α)4(x−β)ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)4(x−β)dx =

−1

5C1
·
∫β

α
(x−α)5 dx

͸ ͷ
− 1

5C1
ഒ

# $
ެࣜ 5–2ΑΓ! "
• ઢۂ y = (x−α)3(x−β)2 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)3(x−β)2 dx =

+1

5C2
·
∫β

α
(x−α)5 dx

͸ ͷ
+ 1

5C2
ഒ

# $
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ެࣜ 5–3ΑΓ! "
• ઢۂ y = (x−α)2(x−β)3 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)2(x−β)3 dx =

−1

5C3
·
∫β

α
(x−α)5 dx

͸ ͷ
− 1

5C3
ഒ

# $
ެࣜ 5–4ΑΓ! "
• ઢۂ y = (x−α)(x−β)4 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)(x−β)4 dx =

+1

5C4
·
∫β

α
(x−α)5 dx

͸ ͷ
+ 1

5C4
ഒ

# $
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ެࣜ 6–1ΑΓ! "
• ઢۂ y = (x−α)5(x−β)ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)5(x−β)dx =

−1

6C1
·
∫β

α
(x−α)6 dx

͸ ͷ
− 1

6C1
ഒ

# $
ެࣜ 6–2ΑΓ! "
• ઢۂ y = (x−α)4(x−β)2 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)4(x−β)2 dx =

+1

6C2
·
∫β

α
(x−α)6 dx

͸ ͷ
+ 1

6C2
ഒ

# $
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ެࣜ 6–3ΑΓ! "
• ઢۂ y = (x−α)3(x−β)3 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)3(x−β)3 dx =

−1

6C3
·
∫β

α
(x−α)6 dx

͸ ͷ
− 1

6C3
ഒ

# $
ެࣜ 6–4ΑΓ! "
• ઢۂ y = (x−α)2(x−β)4 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)2(x−β)4 dx =

+1

6C4
·
∫β

α
(x−α)6 dx

͸ ͷ
+ 1

6C4
ഒ

# $
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ެࣜ 6–5ΑΓ! "
• ઢۂ y = (x−α)(x−β)5 ͱ x ࣠Ͱғ·ΕΔਤܗͷූ߸෇͖໘ੵ͸

∫β

α
(x−α)(x−β)5 dx =

−1

6C5
·
∫β

α
(x−α)6 dx

͸ ͷ
− 1

6C5
ഒ

# $

#24


